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A Program for Fstimating the Relative ¢fficlency of Tests at
Various AbIlity Levels, for Pquating Truc Scoreé, and -for
Predicting Bivariate Distributions of Observed Scores¥
Fby iwo tests measuring the same tréit, the program, BIVZ20, equates ,
the true scores using the two true-score distributions estimated by the

qnivariate method. 20 program (sée Wingersky, Lees, Lennon, & lLord, 1969}

and§ with these.equated true scores and their distributions, estimates .

vt bivarizte distribution of observed scores and the relative efficiency

of’ L two tests at various ability levels. The method is described and
form-das siven in Appendix A. If desired, this estimated distribution isv 2

comgarod to 4n actual bivariate observed-score distribution provided by the

-
“

user, and a chi-square between the estimated and actual distributions is S

compsited.

This jrogram is written in Fortran IV for the IBM 560/69. Its only

[N ..

restriction is that the mazimum number of items for each test is 50.

RE{age

Some f the uses of the program arce the tolloving (sce Lord, 1965, for:

-

le 1o check on the mathemhtical model used to estimate the true-

score distributions (Lord, L07), v L

¢

*¥This updates the i scarch ivmorandum G- titled "A program for oo -
estimating a bilvariate distribution of test scores from the marginals" by -
Martha Gtocking, Diuna . Lees, Virginia Lennon and Frederic M. Lord
supported in-part by contract Nonr-2752(00) between the Office of Naval
fesearch and Pducational Testing Service. Additions and revisions to the’
vrocram werc supported by grant (R-52781X - from Mational Science‘Foundation.

o
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2. TQ éstimate how a group of examinees that has.takensonly & short
fo?m of a test would have performed on a long form. (This. is
useful in setting up tesﬁ‘norﬁ;.)

5. To estiﬁaté howfa group Qf examinees ‘that has peen selecsed on
a certéin testbwpuld perform on & paraliélitést.g

L. To try to quate £WO_rafher differenﬁ tests méasd;ing ﬁhe‘same

. trait when both testg'éannot-be given to the same group of

£<3

~examinees.

P

D« To investigate whether or not two different tests measure the

same psychological trait. (If tne program does not provide a

good estimate of ﬁﬂe actual biyariate-scatterplot, it may be
possible to conclude that the assumptionmthat the two tests
measure the sanme psychological trait’has been vinlated.)

€. To éémputo'the relative efficiency of_jhe‘two'tegpﬁ’at various
. . - '\" ~

“ability levels.

An illustration equating true scores and estimating relative

. T 3 .
efficiencies for several pairs of tests Is given in Lord, 1973bs.
) . ‘ W - .
Assumptions : . L : e
A Y . .

" The results are based on the following #ssumptions (see Lord, 1967, for
2 detailed and rigorous stateiment):

1
.

1. The conditional distribution of observed scores for fixed true
score is a (certain approximation to a) compound binomial

distvibution.



~'+  The true-score distribution in the group tested is "smooth . "

.

" J. The true scores on the two tests studied are perfectly,.

»although possibly curvilinearly, related.
‘mput h

[

B . The output from a univariéte method-20 prégram is required for both

Lests belng investigated. Tor detailed deseription of the input fdrmats,

T N r .. ¢
: reader is referred to Appendix C.

¥ e

The user receives as printed output the folloﬁing: B

"l. The estimated biva;iate observed-score distribution and the

regression of each ‘@stimeted test on the other (row and column
means of the estimated bivariate observed-score distribution).
S [ I o : -

“e The estimated marginal observed-score distributions; the mean,

varianeg, and Kuder-iichardson for each of these distripu-

,
Ny’
o1

.

tions; alsgn for® the estimated bivarliate distribution, the
- ) . : RN . - ’ .
estimated correlation between observed scores and the cor-

‘relation ratios for Test ¥ civen Test Y and Test Y giVen ’

o
Te_st Y . ST : T

5« The estimated probai.ility distribution of trgé scores for each

<

. test. S T

B

L, 'An}equating-of‘the true scéyes ofihoth tests by'the equipercentile

L3 o '
o, : method. .
. e . . . ‘ . e e ’._ . . L. )
e The relative efflelencles of the two tests at varlous abhility
&, . ’ s N . ' : ’ ) »
~ -levels. . g . p
. . : ’ @
o S | ‘ | ] : - o
Pt o e : S ) : i o - . L
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¥ "IT the actudl observed-score bivariate distribution is providéd, the

user receives the additional sutput:

6. The chi-sdﬁare between the estimated and actual bivariate

¢

.-obaéfyed—score distribﬁtions, and its probability level; the
'..groupiﬁg of the two bivariate distributions for the chi-square,

S

“the estimated and actdal group frequencie;; and the group con-

'tributiéns to chi-square. .

¢

7. A graph showing for each cell in the bivariate distribution

1m._n
.

a if the estimated frequency for the cell was greater than

1, also the sign of the contribution to the X2 of the'group-
goﬁtaining the cell if_the.contributioh'was sreater in absoiute
vélue<than'2..

O The regression or egch actual test on the other (row and column &k

'meané cf actuai bivariate oﬁsefved-score distribution)s: These
- ' can be compared‘with iﬁem i above. ’
9. the actuél marginal observed-séofe distribuﬁions; the meany~"
.variance, and Kudef—ﬁichardson 321 for each of these distri-
butions, thg gctualbcorrelatioh_between the observed scores,

‘and £he,correlation”?atié for Tgst X given Test Y and for

Test Y giﬁen Test X for the observed bivariate distribution{h
These may be compared with item = above.

The program punches the logarithms of the estimated relative
" . efficiencies, the prue-écbre %grcentiles'at vhich they are computed and
. K

the estimated and actuai marginal distributions for both tests along

3

with identif&jng“information. The equated true seores my also be puhched.

Y
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Availability : ) . W
e _ _ o

A compy.of the-program may be obtained upon written requestfrem—the

authors. Fducational Testing Service, Princeton, New Jersey 08540. The
: _ . ; ) _

.

user must prowvide a tape on which the pro”gram will be loaded in 80
charuster® card irmages and must specify whether the tape should be blocked,
in FECDIC. or BCD, .7-track or 9-track, and t‘he; tape density and parity.
The. tapé Will be unlabeléd.

Disclaimer . ..
Although the program has worked satisfacto_r:fly on-%_he‘ Jzta we have
' tri&d: ne claim is made that the program is. free of error.
9 ¢ ) - . . Q
- - - — ) - - )
\ | Y
;
PN . - a a - . o
- i ) ’ ‘§
\/x
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Appendix A

The n»rogram BIVZ20 computes the estimated bivariate distribution of ob- , ;///
served scores between two tests; Test X and Test Y, using the parameters—of .~
the corresponding univariate true-score distributions: If we let m(x;y)

be' the population bivariate distribution of observed scores for the two

-

tests, ¢ Dbe. the tfue score on.Test'X,“ g(t) be the distribution of true

scores for Test X, h(x,y|¢) be the joint conditional distribution &f ob-
. ‘ e

served scores x  and v " on Test X and Test ¥, given- r , and af and

L. Dpe the lower and upper limits respectively, of the true-score distribu-

¢

ticn for Test X, then

- b{‘ . x\"

If we let 1 be a true score on Test Y and g'(n) be the distribution of .

triue scores for Test Y, then under assumption 5, 10 is a functioh of ¢ .

“
CWhen g(7) and»lg’(n)-~aye—gi%ény~this~fuﬂetieﬂalmrel&tionym—w{{é—Tmsay;~-—~m-~ww~
can be determined numerically, for any fixed < , from
= Lo o)
. P . . 1/, P *
(2) / g(r) dar = / ce'(n) @,
N . . J- 3
P a.. a : ‘ .
: e a :
B . H
N N . .- . * - .
where a.. 1 tre lower limif of -the tLrue-score ddstribution for Test Yy by -
. N - ) . " . . ) Cod .
“ inverse interpolation methots.  Under the assumption that the errors of - - -«

measurement -are inlependently ilstributed when = ¢ is fixed, eqﬁation'(l)

e ey = [ e lon ) ac T "
; ) . - g D T




» ” , N
\
4\\
sl - ' -
where h(x|t) ‘is the conditional distribution of observed score x Jon ., - .
. 4 ~ - .o _ . _
Test X given a fixed true score e , and h'(qu)‘ is ‘the conditional _ T
- distribution of bbserved score y on Test Y for a fixed true score lﬁ ~H
.ymére y o= y(r) . If we let °. denote estimated quantities, then
equation (2) bepoméé o
ok o) | | ) :
(1) B(r) ar = / g (n) a o B
. - R . N . )
_ a, -~ a S
n e q - .
- and.equation (3) becomes _ . o T
x . bC, ' . . ‘. ~ Cb ' R
G #uy) = [ EORGn G ) @
P ' R A T ' - ‘ :
’ The éstimated bivariate ‘distribution of observed scores, &(x,y) , is ob- K
tained by first determining () from equation (£)', then performing the - '
 integration indicated in egiation’ (3)' by quadrature. T
- 'The reader is referred. to equation ©1 (Lord, 1967) for the mathematical
" oform of g(t) and 3'(y) , and to equation 7 (lord & Lees, 1967) for the -
o . i ) ; . . . .
mathematical form of - h(x[r) ‘and h¥(yl[y) " »
' The estiméted relative efficiency of Test Y versus Test X is given by . R
the formula - - S
o CoonS (nl ok ) (L -k) s, ' B C o
ReF. ==L " % g.(‘ L)y o e
yx 2 (n. - 2k ) (L - Tl) g'(n, ' o . v
SToon vy Tyl T : . . o



_8_ . N : ) ¢
vhere L and k  are defined in'Lord; 1965, ed. 9, n_ is the nuffber

-, of items on Test X and ny is-the nuﬁber of items on Test Y.. For the

“derivation of this formula seé Lord (i975a).'The relative efficiencies

/ ?

are computed for équally spaced ¢ 's between a, and bg_- Aégraph is - L
; .pr0§uced of :G(C) vs  log, R.E-‘yx where : : . .
C s =] el & .
: - s, ag - A_ s
for thé equally spaced ¢ 's.
. 3 Q. ()
) . a 14
i v |
- \ o
. . T
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Appendix B

Acctiracy of Computations ' - ' i o

o

,.

As a general rule the user obtains-est*mated.marginal-observed—score - -

’ s

dlotllbutlons which agree to- at least three dedimal Places w1th*the-——wm-~m~g~mm_;““

~

estimated observed score dlstrlbutlons obtalned from a unIV/rlate method 20

.
2

. ' program. There-are”two major soyrces of numerical error. . ey

1. The numerical solution of equatioﬁ 2,-AppendixtA. sT_his eolution

is accomplished by an iterative inverca ihterpolation procedure using

_\§e< el's 1nterpolatlon formula (Scarborough -1955, p 77), and -as with
vany_lnterpolatlon prooess this generates computatlonal errors. -

The accurscy attempted by this iterative procedurewisucontrolled o -

by an 1nput ‘'option avallable to the user.

2 rquatlon 3 of Appendlv A is 1ntegrated'w1th Slmps0n s rule
‘where the user specifies the number of intervals.._Accuracy.can be in-
creased by uwsing more intervals;“'ﬂowever, from past experienee'approxi-_

“

mately'DO invervals have been sufficient. . - oL

_ f Vt1ue -score dlstrlbutlons where. g(r = aC) and/or g(t = .C) ‘ _
are not ¢lose to O the error in 1ntegrat1ng the correspondlng tall of . \-
. /.(x,y ‘can be qulte large. There_are fwo ways to possroly.reduce -4
S tﬁis error. The user may specify ttat"the.Simpsoh's rule ihtervai con- ’

_tafn;ﬁg a,. and-the'interval containing b( be subdiyided into much

.. smaller intervals for a more accurate computatioh of the area under the

Sy

v
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curve in these intervals. Also it may be possibleé to increage the .
- . . L LI . "w\“_ . ; .
. . . . , e . 4 i
. accuracy by reversing the abscissa.and ordinate, .putting Test -Y.'on
- N ~ FERY N -t - . -t ,
, the abscissa and Test X on,the ordinate: - This will only help ifg for - * -
* * ° LY - ) , : ,A . . . A~\ s
’ . N " - L . ) .
Test Y-, .glp = an) -and g(n = bn) ., are approximdtely 0.
. r . - - L : R
The maxim number of intervals plus s'ubin-terva_.'ls in the tails .
e N : - S
is 280. - T — /
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-11- : .

Appendix C
'-gnput tc Bivariate Program for Method-20 (BIVQO)
‘In the following description of.the.input required by BIVZ0, thé

test on the abscissa of the bivaraateﬁscatterplot‘is referred to as "Test"

c o

¥." The test Qn the ordinate of %ns bivariate scatterplot is referred to
as "Test Y " Zéta' (t) denotes the\Qrue score for Test X, and eta (n)

denotes the true.score for Test Y. All input information marked with an

s - AN _ :
‘asterisk (*) comes from the univariate method & : rtput. All other- infor-
mation must be supplled by the user. Ali'ihf': information followed.by a

(+) can be contlnued bn more than one card. For detalled descrlpglons

Y. S

of the mathematical_functions for.the input.variables, the user is
- referred to Lerd and Lees (1967) and Lord (1957).}

>

Card Number = - . DeSCriEtibn »
- ¥1.  °  Title card for Test X
col. 1 - 60 ' title of te“t, to be used as heaalng

1nformat10n on- output.~

col— 63 - 65 - numcer of items in test, must be
‘ . : less than or equal to 50. The
. , oo T _— ‘format is (I%) '
_COl.‘66j-‘7é’i_ number of examinees taklng test.
' The format is (F7- O)

¥, - Tltle card for Test Y with the same 1nformat10n and

,'rormat as- card number 1: -
N e e ) -
*5.“ ; Parameter card for Test X. -These parameters are Necessary
' to compute the estimated.true- -score dlstrlbutlon fOr
’ 3 Test X. The format.is (5E15. 8).. u
g S - _“_H_ﬂ””wmﬂw
s . ‘ | - - . 3 | VCOQ_;-];_' l_:.' 1_5 a:r . ’ .
ﬁ: "fuiﬂm- ’ ~ col. 16_--50 bt
) 3_. ‘ .’: o . ) o - 4
3 , : .

LR
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Card Number _D_escrigtion

¥3. (cont®d) : col. 31 - b5 d paramelers for the "smoothing
" function" y(t) described

col. 46 - 6O A in lord, 1969. |
. : ;‘ .
(If thé Simplified method-20 program has been used,

B =0, by = Lwdy =Tay =0 2)

*h, ' Para'mleter' card for Test Y with the same information
and format u2s card number 3. ' ‘

col. 61 - 75 k

o
N

2. T Options Cari . ' s o

"eol.e 1 -5 princh the number of quadrature
intervals to be used in computing
¢(x,y) . This number must be

_ less than or equal to 280, and
. o E must be even. Generally this
‘ . ' number ranges between 50 and 100.

col. & - 10 ‘punch O if the .t s and 1 's
are to be edquated by the
program. This is the
usual, option.

1 if equated ( 's and 7 's

are supplied by the user.
Thé user must then pro-
vide ¢ards number 13 (b )+.

_ -1 if the 4 ;'s ahd 7 's :
\ . are assumed to- be identical.

" col. .1l - 15 punch O if the grouping for the
- chi-square is to be 7
computed By the .program.
This is.the usual option.

1 if the grouping for *he-
" chi-square is tc be com-
puted by the program,
and written on scratch .
tape k. ' '

2 if the grouping for the
chi-square is;_tQ be read
from tape unit 4. g

\

O . - . . N ] B

-~

.\
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Card Number Descrigtion

. > .
(cont'd) col. 11 - 15 3 if the grouping for the

(cont'd) chi-square 'is to be
read from cards. The
user must provide cards
nunber 19, nunber 20+,

~ number 21+.

col. 15 - 20 punch 0 if equated true scores
: are not to be punched
: o ' . - .on cards. This is the
K ' . o usual option.

1 if equated true &cores
-are to be punched on
cards. 1he format will

be (5E15.8).

col. 71 - 25 | punéh the nunber of subintervals
‘ to-be used in integrating the
s/ .interval containing aC and the

interval containing bc . Two
times this number plus the con-,

tents of cols. 1-9 must be less® -
than 280.°

"*G. S Parameters requlred for the conditional distributions
_of observcd scores for a given true score for Test X.
oo _ . used, thepe are part of its output. [f the 51mp11f1ed
- - o version has been used, these values may be obtained
from Lord and Lees (1967), -Figures 10 and 11l. ., The.
format is (2r15.8). : :

cot. 1 - 15 ¥

¥

‘ col. 16 - 30 B

*T. The same lnformatlon and format as card number 6 for
Test V.
*8;_ The consﬁants.associated with the smdﬁthihg,functions

y(¢) and y(q) required to estimate the true-score
distributions for Test X and Test Y. These constants
are the reciprocals of ' oy
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card Number Description’
%8, (cont'd)

R

[

for Test Y. If the general univariate method:EO pro--

.gram has been used these-are part of the output. 1Ir

the simplified version has been used, both these con-
stants are equal to 1. The format is (2E15. 8)

col. 1 - 15 7(¢) constant.
* col. 16 - 30 »(n) -’ constant.
*9. L The coarse grouping of frequencies of observed scores
used in estimating the true-score dlstrlbutlon of T
; Test X.  The format is (hOIE) .
edle 1 - 2 the number of coerse groups.

This nurber must be less than
or equal to- 26 -

col. ) - le- ' . . T :
' for each group, the number of
, cole 5 - 6 frequencies in that group. - The .
t . listing of groups-starts with.
col. 7 -8 the group containing the fre=- -
< C : v - quency for the lowest observed
¢ col. v - 10 score, and ends with the group
. ‘containing the frequency of the
E' highest observed score.
*10. 'The same 1nformatlon and format as card nurber 9 for
' ‘ Test Y.
. *¥11. The pardmeters hu- of the true-score distribution

_for Test X. The J."ormat is (517.15.8.")'.

*12 | The same 1nformatlon and format as card number ll
Co ' " for Test Y

b

d i d A
/. (L =¢) ; daf for Test X, and /- | H(lr_ 1) T ar,
a, ~ o
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s

k.

Card Number .

(2)

(B)+

=15~

Description

[f equated true scores are to be. comnuted by the pro-

-gram'(col. 10 of card number 5 equals O), the epsiloq‘v
for the iterative inverse interpolation process is used

to equate true scores. If the results of two suc-.
cessive’iterations differ by less than epsilon, the
iterative procedure is halted. This epsilon is -

‘usually .0Q001. The format is (F15.8).

' If‘equated true scofeé are to be supplied by the user

(col. 10 of card number 5 equals 1); the true scores
for Test X followed (starting on a rew card) by the
true scores for Test Y. The format must be (1LF5.5).
There must be the same numbér of ¢ 's and .3 's, -
and this number must be one greater than the number
of quadrature intervals given in col. 1-5 of-card
number 5. ' : S 4

Note that 15 (2) aﬁé 13 (b)+varenmutually exclusive.

criteria for the grouping of the estimated and actual
bivariate observed~score distributions for the ehi-
square. (Wote the information required in col. L7-
48 before proceeding.)  The format is (2¥8.3,1612).

col.’l - 8 purich the minimum group size
v required. Usually if the number
- of examinees is greater than
%000, the minimum is 30; if it
is less than or equal to 3000,.
the minimum is 20.

col. 9 - 16 punch the minimum cell frequency

: . for the -estimated bivariate "
observed-score distribution. All
cells with a frequency less than
or equal to this value will be
set to zelo before the grouping
for chi-square is done. This
minimum is usually .005.

enl. 17 - 46 . .punch, in (15I2) format, the
R ) following numbers: 00,01,02,05,
© % . 08,09,10,13,16,17,18,20,25,28;
ol %2, " These are distance critéria
L used to determine whether a w

. prospective cell should be
included in a group.



Card “lumber

4. (cont'd)

[

f;6-

Description

col. k7 - 48

-

punch O if the actual bivariate
observed-score distri-
bution will be read,

~.and the chi-square

computed. The user
must provide cards
number 15, number 16+,
number 17, number 18+.

1 if the actual bivariate
observed-score distribu-
-, tion will not be read.
’ } Col. 1-46 may be left
blank. The program will
_halt after the computa-
tion of the estimated
bivariate observed-score
;distribution.

° L3

If the actual bivariate @bserved -score distribution

16%,

~

. is to be read by the program (col. 47< L8 of card
" number 14 is zero) punch this card and cards number

number 17, and, number 18+.

-col. l;- 50
4

‘col. 3L - 35

col. 36 - 10

°

o

 asfumed.'zero by the. program. The '

ascending order by .observed

. the 1nteger format of the actual
blvarlate observed-score distri-
bution which must be read in by

_rovs, with each row being the
“frequency-distribution of ob-

served scores on Test Y (in
score) for a given‘obsbrved
score on Test X. For example,
(201k ) punched in these columns

" 'would mean that the actual bi-

varlate scatterplot wilkl be &
punched with 20 four-digit »
integers per :card. .. i

~

the numbér of elements per. card."

The format is (15)

“the observed score on Test X for-
- the first row to be redd in
(usually D). Rows mush be read
in ascendlng order of 'observed -
gcores on. Test X. This means
that initial%rows of/éll zeroes
‘need not.be punched,’ but. will be

forme - is - (15)



Card Number

(cont'd)

16.+

- ]_L) .

20+

';_format given by card. number 15.

" upon col. %6-40 of ‘card number 15.

'If the grouping for the ch1 -square .is- to be read from

- of the bivariate scatterplot belongs'

°+

9

Descriptisn = . §
COl- L{’l - 1’{’5

_punch O if the-input matrix has
, not been transgosed.

L | . oo 1 if the input matr'x has
> : ~ -been transposed. ?\\\\
Note: Thisloption is used only

'when col. 36-40 is zero. The
format is'(Is).. e

Actual bivariate scatterplot punched by rows in the
There are two ways
in which the scatterplot may be’ punched dependlng

g3t

It ccl.'§6-40 cf card number 15 is not equal to zero,
consecutivia zero cells may be replaced by & negative
nurber whose magnitude equals the number of zero

"'cells to be omitted. Each neWr row does not start .
~on a new card. R

a

o

s If col. 96 - 4o of card number 15 equals. zero, all
.consecutive zero cells must be punched and each new -

-

g

row must start a new- card.

o

Punch in col. .l - 50 the inteker format of the actual

“marginal frequency distributions which will be read.

Actual marglnal frequency- distribution Qf Test. X,

‘followed (on a new catd) by that of Test.Y, both

punched -in ‘the format) givén. by card rnumber 17. Tach
marginal frequency distrilbtution is punched 1n
ascending ezder of observed score.

‘bz

cards (col. 15 of, card number -5 is equal to number 3),
punch the integer format-in Whlch the grouping will
be read in col. 1-60% The user must also- punch cards
number <0+ . and number 21+. (The information 1n col.
1-46 of card nurber~14 will be ignored. ) :
Matrix rf group numbers, one for each cell in the bi-
variate scatterplot, punched by rows in the format
given by card number 19, with -each- new row. starting

- a new card. The . ij -th element of this matrix is

the number of the group.to which the ij. -th cell

- e
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* 2L+ _ Information fequired for the combining of undersized
groups, punched in the integer format given by card
number 19, :

punch first - the total number of -groups

3

second the number of groups to be combined

) . third - old group number,
' - new.group number
0ld group number, for each group
v ‘ . new group number .| - to'be moved,
—_— ' - : / starting with
- S . old group number, the lowgst
. nev group number |\ olaégrou%
e : T " number.:
k o , -
- T T——
9 a
- - ' . )
.7 . . ‘. [y A
. 1b ) - .
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